
RESEARCH ARTICLE Open Access

A scaffolding toolkit to foster
argumentation and proofs in mathematics:
some case studies
Giovannina Albano* and Umberto Dello Iacono

* Correspondence: galbano@unisa.it
Dipartimento di Ingegneria
dell’Informazione ed Elettrica e
Matematica Applicata, Università
degli Studi di Salerno, Via Giovanni
Paolo II, 132, 84084 Salerno,
Fisciano, Italy

Abstract

This paper focus on how language can be seen as an object to be manipulated and
how manipulation can act as scaffolding for fostering argumentative competency. To
this aim, we have defined a digital toolkit, consisting in virtual “language tiles”, made
available to the students. The learners can freely articulate their thinking, drag the
appropriate tiles in order build sentences for communicating her findings and
arguments. The toolkit can also allow automatic assessment of the sentences. We
analyse from a theoretical point of view the didactical potential of the toolkit for
supporting cognitive process, activating mathematical knowledge and favouring the
passage from reasoning, as production of arguments, to expression of arguments,
towards construction of formal proof.
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Introduction
It is widely recognized the importance of reasoning and argument as fundamental

mathematical capabilities (National Council of Teachers of Mathematics, 2000).

This means that the student should be able to explain and provide justification for

processes and procedures used as well as to create arguments that support, refute

or qualify a mathematical claim. The relation between argumentation and proof is

very complex and it has been subject for many studies that can be found in litera-

ture (e.g. Arzarello, 2007; Barrier, Mathe, & Durand-Guerrier, 2009; Boero, 1999;

Hanna, 2000; Mariotti, 2006; Stylianides, Bieda, & Morselli, 2016; Weber, 2014).

We assume the idea of continuity between argumentation and proof, as process

moving from personal reasoning to the arrangement of deductive chains of argu-

ments (see the construct of “Cognitive unit of theorems” in Boero, 2017). Students’

explanations have for sure positive effects on learning, as they foster deep under-

standing, make their thinking visible, help them in developing ongoing reflections.

This also fits the discursive approach to mathematics learning (Sfard, 2001), which

considers mathematics learning as a participation to a particular kind of discourse.

Also inquiry-based teaching requires the students “explaining, reasoning, arguing

and proving” (Artigue & Blomhøj, 2013, p. 808). Unfortunately, without specific

scaffolding students rarely engage in explanations or in argumentation. This is why
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teachers usually support students prompting appropriate questions. Probing questions ask

the students to justify and prove their findings and thinking (Sahain & Kulm, 2008). In

particular, conceptual probing questions “invite students to articulate their reasoning or

thinking, which requires making the connections explicit” (Hähkiöniemi, 2017, p. 976).

Anyway, it is experienced by many teachers, that probing questions are not enough to de-

velop such capability, that it, it cannot be done for grant but it needs specific didactical

interventions.

To this aim we present a scaffolding toolkit, named Interactive Semi-open Question

(ISQ), consisting in virtual language tiles available to the students in order to con-

struct sentences. It can be used to answer to probing questions as well as to create

mathematical proofs. The paper will show a state of art of the use of ISQ in different

contexts, analysing, from a theoretical point of view, its educational potential to foster

argumentation and proof in mathematics and to automatically assess open-ended

questions. The paper will also show some hypotheses of future use of ISQ to some

case studies, known in the literature.

Theoretical background
The emergence of argumentation and proof in students’ discourse requires to favour

the production of a deductive text according to specific socio-mathematics norms

(Mariotti, 2006) and to shared textual conventions that refer to many features of the lit-

erate registers of ordinary language, such as: words have precise meanings, syntax is

tight, representations are more conventional (Ferrari, 2004). Such text should be the

outcome of a complex thinking process, which encompasses formulation of a state-

ment, selection and enchaining of appropriate arguments into a deductive chain,

organization of the enchained argument into a proof, approaching formal proof (Boero,

1999). Moving from argumentation as a process (i.e. production of arguments) to argu-

mentation as a product (i.e. expression of arguments) is not taken for granted.

Language is seen as means of objectification, that is an artefact “intentionally used by

individuals in social processes of meaning production, in order to achieve a stable form

of awareness” (Radford, 2002, p. 14). Dello Iacono & Lombardi (2015) explored how

the manipulation of language tiles is related to the development of logical-deductive

abilities in primary school. Pupils extracted information from a suitable text and made

it available in form of facts and rule, to be written on magnetic tiles. The authors found

that, making language a concrete manipulative object, children were able to answer to

some posed questions by constructing simple deductive chains by means of the above

magnetic tiles. Linguistic manipulative activities have been also used to investigate the

role of language in the development of logical tools (Coppola, Mollo, & Pacelli, 2011),

finding that the manipulation of linguistic symbols fostered the children in solving the

tasks.

Linguistic manipulatives in education: literature review
There are many examples in literature of construction of sentences by manipulating

linguistic or symbolic tiles, in various contexts. Many example of linguistic manipula-

tives can be found in language education. Ryall, Forlines, Shen, and Morris (2004)

experimented with a variation of the game Magnetic Poetry, consisting in single mag-

netic words that can be attached to a metal surface to build a poem or themes.
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Students, working in groups, looked for the tiles and assembled them on the tabletop

to create poems. Among the available tiles were also distractors tiles. Adrienne (2010)

designed the Sentence Making Game, inspired by the popular game Scrubble, based on

the formation of words of complete meaning, that will incorporate one of the letters

already on the board using and combining some letters, drawn by lot from a bag. The

variation in the Sentence Making Game consists in the fact that the player does not

combine letters but words and the goal is not to build words but sentences. The aim of

the game is to help students learn English through sentence building by focusing their

attention on vocabulary and word order.

On the mathematics side, during the last years virtual manipulatives are very wide-

spread. For instance, the project National Library of Virtual Manipulatives (1999–2006)

offer a lot of free virtual app-based manipulatives to foster conceptual understanding of

mathematics concepts. Manipulable tiles can be considered manipulators, whose use in

mathematics classes has been widely recommended by educators (National Council of

Teachers of Mathematics, 1989). A student of any school order is more likely to build a

mathematical concept or discover a mathematical relationship through the appropriate

use of manipulators, even virtual ones (Durmus & Karakirik, 2006). Anyway, typically

virtual mathematical manipulatives refer to similar concrete manipulatives and does

not make use of words.

According to the discursive approach to mathematics learning (Sfard, 2001), it makes

sense to have manipulatives dealt with discourses. In this strand, the authors developed

a scaffolding toolkit, called Interactive Semi-open Question (ISQ), supporting the ex-

pression of arguments, as a deductive text (Albano, Dello Iacono, Mariotti, 2017). Such

toolkit is based on the idea of using language as an artefact, that is “not only as a tool

for communicating and structuring the world, but above all as an object to manipulate

and to reflect on” (Dello Iacono & Lombardi, 2015, p. 380). The ISQ foresees pieces of

language, that consist in groups of words, become virtual objects, called language tiles,

made available to the student. The student can freely articulate her thinking, then she

can drag the appropriate tiles in order to build sentences for communicating his/her

findings and arguments. The three phases of thinking, dragging and communicating

are not fixed and sequential but the student moves among them in a continuum back

and forth process. The deductive chain can be made visible by using tiles with key

words such as because, then, due to, by hypotheses, if, then, and so on. The ISQ toolkit

has been already applied in various context of mathematics education, as reported in

the following.

State of the arte of the use of ISQ
In this section we show how the above linguistic toolkit has been used in mathematics

learning according to the cited discursive approach.

Using ISQ to foster expression of arguments

In the frame of moving from reasoning to express reasons by means of sentences in lit-

erate registers, the ISQ can supply the students with language tiles that make evident

the causal structure of an argumentative sentence. In fact, such a sentence should be
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composed by a main proposition (statement) and a conditional one (argument), linked

by a causal conjunction.

Albano, Dello Iacono, Mariotti (2017) shows how to use the ISQ in the context of

story problem, analysing the data by means of linguistic tools (Halliday and Hasan,

1976). The students are engaged in facing a problem aimed to focus their attention on

the invariance of the angle size corresponding to a circular sector with respect to the

radius of the circumference. In the case study, the students are provided with an aero-

gram, where a circular sector represents 20% of the total and they are asked to answer

to the following question: “How does the angle vary according to the radius variation?”.

The Fig. 1 shows the language tiles available to each student, which she can drag and

juxtapose in order to build her answer.

The given language tiles allow more than one expression of the correct answer, as

shown in row 1 and row 2 of Fig. 2. Although the statement and the argument are the

same in two sentences, the structure is different as well as the causal conjunctions.

As in the case of close-ended questions, distractors are foreseen in terms of tiles

that can be used to construct wrong answers. For instance, this is the case of the tile

“is directly proportional” that some students have used to construct the sentence “the

angle does not vary because it is directly proportional to the circumference”, containing

wrong argument (Albano, Dello Iacono, Mariotti, 2017). Comparing the ISQ with a

close-ended question, the number of sentences acting as distractors is greater than

the usual one, because of various tiles combination. The scaffolding role played by

the ISQ is shown in Albano, Dello Iacono, Mariotti (2017), comparing the answer of

the student to the same question, posed first as open-ended and then as ISQ. For in-

stance, we report the case of the student S7, which move from a process of reasoning,

helped by calculations (Fig. 3), to the product of that reasoning, consisting in a sen-

tence like in Fig. 2.

Using ISQ to go towards formal proofs

A further application of ISQ concerns the construction of formal proofs, as shown in

the following.

When students are engaged in problem solving activities, usually a conjecture arises from

their argumentative activity. The reorganization of arguments into a proof cannot be taken

Fig. 1 Language tiles case study in Albano, Dello Iacono, Mariotti (2017)
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for granted, even if a certain continuity can be devised (Boero, Garuti, & Mariotti, 1996;

Pedemonte, 2007). Some of the difficulties in moving from argumentation to proof concern

both the reference system and the deductive structure. In this context, the ISQ has been

used in order to implement a kind of a “Bank of Theory”, available to the students who are

required to formalize some spontaneous justifications given as support of conjectures re-

sulted during dynamic geometry explorations (Albano, Dello Iacono, Mariotti, 2019). The

Bank makes explicit the reference system, recalling definitions, properties, theorems at stake

(Fig. 4).

Let us see an example of students’ answers when moving from free arguments to for-

mal proof by means of ISQ (Table 1).

We note that the use of the linguistic toolkit allowed Erika to focus on some key fea-

ture of the figures: in fact, at beginning she refers generally to parallel sides in the par-

allelogram, without saying which ones, whilst afterwards she specifies that they are

“opposite” parallel sides. Also for what the trapezoid concerns, Erika is able to discard

inessential information, such as having two oblique sides. Anyway, the use of the Bank

of Theory highlights Erika’s confusion about the use of the right direction of the defin-

ition of the trapezoid.

Use of ISQ in automatic assessment

Computer-based assessment of open-ended questions is one of the most challenging topic

concerning computer-supported learning. As human-based textual analysis needs huge,

open-ended questions usually are omitted from quizzes submitted to large numbers of

students. Anyway, the drawbacks of using only close-ended questions are well known.

One of these is exactly the impossibility of assessing the argumentative competence, as

the ability of building an argumentative text (Morgan, 2003). The ISQ can be improved

from the computer science point of view equipping each tile with an identification code,

consisting for instance in a label defined according to matrix notation (e.g., A2, B5 assum-

ing letters for rows and numbers for columns). So the sentence, built by the student drag-

ging and juxtaposing the tiles, can be rewritten and interpreted in a computer-based

environment as an ordered list of identification codes.

Looking at the example in the subsection Using ISQ to foster expression of arguments,

the sentence of the row 1 in Fig. 2 corresponds to the following code with respect to

the tiles and their matrix labelling in Fig. 1: C1B5B3D4D6.

Fig. 2 Examples of answer

Fig. 3 Second example of answer
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Defining an appropriate algorithm, it is possible to get back automatically from the

codes to the student’s sentence and then to assess it automatically. It is evident that the

feasibility of the automatic assessment of ISQ strongly depends on the numbers of the

tiles made available and on the constraints on the number of the tiles that the student

should use for building her sentences. In Albano, Dello Iacono, Mariotti (2017), the

student should build sentences restricted to five tiles. The automatic assessment can be

used both in summative and formative cases. In the latter case, an interesting effect is

the possibility to use the outcomes in order to foresee personalized learning paths, ac-

cording to the detected gaps made evident by the given answer, based on a preliminary

analysis of the sentences generated by the tiles.

The automatic assessment requires the integration of the ISQ in a computer-based

testing environment, that will have to interpret and assess the answer automatically. A

concerned implementation has been done integrating the ISQ in the Lesson module of

the platform Moodle, allowing a fine tuning of personalized feedbacks and learning tra-

jectories in a case study (Albano, Dello Iacono, Fiorentino, 2016; Albano & Dello

Iacono 2018a).

Fig. 4 Language tiles in Albano, Dello Iacono, Mariotti (2019)

Table 1 Example of student’s answers by means ISQ

Erika’s free arguments A B C D is a parallelogram because it has two parallel sides

A E C D is a trapezoid because it has two parallel sides and two
oblique sides.

Erika’s formal proof A B C D is a parallelogram because it has opposite parallel sides

A E C D is a trapezoid by Def. 2a
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Future developments and conclusions
Starting from the above literature review, theoretical background and the use cases, we

are refining and designing the Interactive Semi-open Question (ISQ) as a digital inter-

active application that consists in a like open-ended question posed to the student and in

some virtual objects, being language tiles. The student is expected to build the answer by

choosing, dragging and juxtaposing some of the available language tiles. These latter ones

allow to construct various sentences, some of them can be acceptable as correct answers

to the posed question, some other maybe only partially acceptable, and finally some others

not acceptable as they are incorrect answers. The ISQ is not a very open-ended question,

but it can be used as a scaffolding to convert the student’s thinking into a communic-

able sentence, under some pre-fixed rules that can be both socio-mathematical and

linguistic. In case of argumentation, the ISQ can foster the passage from reasoning as

process, that is production of arguments, to expression of arguments. Moreover, be-

ing the student in front of a question in style open-ended, she is brought naturally to

think about the answer in a free manner. Then, if language tiles to be made available

are appropriately chosen, the student will be able to reformulate her own thinking in

a sentence which can be built with some of the given tiles.

The application is born in an educational context whose goal was to foster the argu-

mentative competence scaffolding the moving towards the expression of arguments in

a literate register (Ferrari, 2004). In such context, framed in an e-learning platform,

there is the need of recognizing automatically the answer given by the students, as we

were interested in the supporting the construction of answers including causal propos-

ition which makes explicit the reason of the main statement (Albano, Dello Iacono,

Mariotti, 2017). This is why open-ended questions are not manageable and, on the

other hand, close-ended questions show many educational limits, as they do not allows

to focus on the causal nor deductive structure of the sentences at stake. It is worth-

while to note that the ISQ, we implemented by using GeoGebra, and embedded into

Moodle platform, can be integrated into any other web environment, supplying it with

a new kind of question (Albano & Dello Iacono, 2018b).

In the near future we plan to pilot testing the tool and analyze the results from an

educational perspective to the case studies cited in the previous section. In addition, we

want to take further interesting cases known in literature, of which we report below a

brief preliminary theoretical analysis.

Let us see the problem (Boero, 2017, p. 3): “Consider all the products of three con-

secutive natural numbers. What is their GCD? Prove that it is their GCD”.

Boero (2017, p. 4) reported the following transcript of a student:

1·2·3 = 6 2·3·4 = 24 3·4·5 = 60 10·11·12 = 1320 it is evident that 6 is the GCD of the first

three products, because it is the greatest divisor of the first product and a divisor of the

other products. Is it a divisor of 1320? … Yes, 1320 is an even number divisible by 3

because the sum of its digits is a multiple of 3. Then 6 might be the divisor of all the

other products too. But why? Probably, by looking at these four products, all the

products are even… But why? OK, one factor is always even! Even numbers go two by

two, thus among three numbers one number … one number at least is even, and they

may be two, like in the case of 2·3·4. Look at, three is there! And a multiple of three is in

the last product! Why? In the case of 2, multiples go two by two … In the case of 3,
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numbers go three by three. That is the reason! Now I try to write down the general

reasoning: The greatest common divisor is 6 because every product is divisible by 6

because every three consecutive numbers contain one even number (multiple of 2) and

one multiple of 3, because multiples of 2 go two by two, and multiples of 3 go three by

three (The teacher writes the following question: Why greatest?) (after a while) Because

the first product is divisible by 6, and no greater divisor is there.

Starting from the above transcript, some tiles can be foreseen for an ISQ shown

in Fig. 5:

Note that the language tiles can be grouped together according some educational cri-

teria. For instance, in Fig. 5 the first line contains numerical examples, the fourth and

fifth lines refer to the concept of divisibility, the last line contains causal conjunctions.

Showing language tiles according some criteria allows to pose the learner’s attention on

some key points and guide somehow thinking, such as focus on the need of justifying

(causal conjunctions) which is not natural, even in front of explicit demand “Justify

your answer”, or on some mathematical concept involved or needed for proof, such as

divisibility criteria. Some of the tiles, such as causal conjunctions or articles, have been

made more copies as they can be needed more times, so when the student drags a

copy, a new one appears in the same place.

The language tiles in Fig. 5, besides the sentence reported in Boero, allow to build

further various correct sentences. For instance, the row 1 and 2 of the Fig. 6 show two

alternative possible arguments which can be built. Both of them can continue with the

sentence shown in row 3. We note that the tiles available do not contain distractors,

but the student should use all the tiles, acting and arranging them as in a puzzle.

Fig. 5 Language tiles of the student’s transcript
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Let us now consider the following problem (Fig. 7) from Haj-Yahya, Hershkowitz,

and Dreyfus (2014). The Ramie’s proof is given to the students (p. 219): “ABCD is a

parallelogram, therefore AD and BC are parallel. BG is part of BC and AF is part of

AD, hence AF and BG are parallel (parts of parallel sides). We found a pair of opposite

parallel sides, therefore ABGF is a trapezium”, posing the question: “Did Ramie give a

correct and complete proof?”

The outcomes reported in the cited paper show that some students are in trouble

with the definition of a parallelogram as limit case of trapezium: “Ramie’s proof is cor-

rect, he found and proved that there is a pair of parallel sides” (student a13, p. 219),

“not correct because it is incomplete, he should prove that the other pair are not par-

allel, AB is not parallel to FG because they intersect in point H” (student b43, p. 220).

In this case the ISQ can be used both for constructing a proof (e.g. Ramie’s one) and

for detecting such kind of difficulties, planning suitably the tiles, as done in Fig. 8, as

they allow to build both the previous students’ sentences.

The ISQ toolkit presented in this paper allows to implement a scaffolding method-

ology for fostering the argumentative competence, with reference both to re-arrange ar-

guments into a deductive chain and to communicate arguments in a verbal-semantic

expression. The language tiles, made available by the tool, can be freely dragged and juxta-

posed for building sentences, assuming the language as a manipulative artefact. This ma-

nipulative feature of the toolkit allows the students to activate thinking and

communication processes. In this respect, the use of the toolkit can favour the improve-

ment of mathematical communication, as for what concerns the passage from colloquial

registers to literate ones (Ferrari, 2004), and the agreement to socio-mathematics norms

Fig. 7 Geometrical problem in Haj-Yahya et al. (2014)

Fig. 6 Samples of sentences that can be built by language tiles
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which regulate communication among mathematicians (Mariotti, 2006). Thus it supports

the students in a shift from own reasoning to expressing themselves in and about mathem-

atics at a more theoretical and technical precision by means of the use of literate registers.

Such improvement in using literate registers impacts on advanced mathematical thinking,

in the frame of discursive approach to mathematical learning (Sfard, 2001). We also assume

that improving communication means also improving the production of mathematical ar-

guments, as the two things are strictly linked, in a back and forth moving. It is worthwhile

to note that some language tiles of the toolkit can recall mathematical knowledge (con-

cepts, properties, theorems). So when the student chooses some tiles, she activates not only

a cognitive process concerning the construction of sentence she has in mind but, looking

at the “mathematical” tiles, she needs to recover her knowledge and to activate connec-

tions. In other words, she is somehow forced to deepen mathematical contents.

The ISQ toolkit also permits to preserve the added value of posing an open-ended

question instead of other close-ended questions, so having the possibility of working on

argumentative competency and assessing argumentative texts. In fact, the student is left

free of answering by means of sentences built by language tiles offered by the tool. The

causal structure of the sentence, as well as the conditional structure or whatever else,

can be highlighted and fostered by appropriate tiles dedicated to various conjunctions.

We observe that, starting from the same set of tiles, the student can build more than

one sentences showing correct argumentations or proofs. Different sentences can allow

the teacher to be informed on what the student knows and not only on what she lacks,

and use this information to steer personalized learning trajectories. From the argumen-

tative point of view, the choice of the tiles to be made available is a crucial for educa-

tional effectiveness. The ISQ can be implemented in various typologies, for instance

making available: all the tiles which are needed to construct the argumentative sen-

tence, such as a puzzle (see the above first problem); also tiles which can bring to build

wrong sentences, such as distractors (see subsection Using ISQ to foster expression of

arguments); appropriate tiles to produce a formal proof and also to reason on limit

cases concerning mathematical concepts (see the above second problem). Moreover,

the ISQ can be used for automatic assessment in computer-based environment. In fact,

Fig. 8 Tiles for constructing formal proof
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it is possible to label the tiles in order to automatically re-construct the sentence (see

subsection Use of ISQ in automatic assessment) and the assess its correctness.

From the educational point of view, the toolkit can be used at every level of school

degrees, from primary school to university, choosing appropriate language tiles. The

toolkit can be framed into an inquiry-based approach, where students are steered to ex-

plore and to conjecture and then they are supported in proving or refuting their find-

ings, also constructing counter-examples.

Anyway, some alerts in using the ISQ methodology can be depicted. The teacher

should be careful in choosing the tiles to allow the student to effectively put in words

her thinking without restricting her own style of expressing. In fact, increasing the num-

ber of tiles greatly increases the number of sentences that can be constructed. As shown

in the previous section, the available tiles allow to construct further sentences expressing

the same thinking. As drawback, in constructing their sentences, the students can be

guided by the choice of words which sound attractive from mathematical point of view,

without reflecting on their correctness in the case at stake. This is the case of “direct pro-

portionality”, shown in the subsection Using ISQ to foster expression of arguments. Thus,

it is important that the teacher makes an a priori analysis of all the sentences that can be

constructed by the available tiles, so to be able to manage the educational gaps that can

be emerged.

Abbreviation
ISQ: Interactive Semi-open Question
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